To derive equation 13 of the main document, we begin with an argument involving the center-of-mass displacement Y CM = |Y CM | sin (ωt + φ). Following that, a result relating the damping ratio based on center-of-mass displacement
to that based on drop apex displacement is derived. Finally, we combine the results to obtain the desired equation.
The CM of an axially symmetric deformation, Y CM , remains on the symmetry axis and hence the droplet kinetic energy of CM motion can be written in terms of the CM velocity (dot denotes time derivative) as,
where ρV = m for our drops of constant density ρ and volume V .
Damping ratio and quality factor
The damping ratio based on the drop center of mass (CM), ζ CM , can be related to dimensional measures of energy dissipation using notion of the "quality-factor" Q, arising from classical mechanical-electrical analogies (1).
The relationship is 2Qζ CM = 1, where Q/2π is the per-cycle maximum energy stored relative to the energy lost in an oscillator.
Noting thatẎ CM = |Y CM |ω sin (ωt + φ) ≤ |Y CM |ω, which is attained during the cycle, the maximum droplet stored energy can be expressed in terms of the kinetic energy (1) as ρV (|Y CM |ω) 2 /2. Using the definition of Q and adopting the notation L for energy lost in one cycle, we start with,
1 where L CL denotes energy lost in one cycle to CL dissipation and L µ denotes energy lost in one cycle to viscous dissipation elsewhere.
The damping ratio can be split into contributions from CL dissipation
which is the center of mass version of relationship (13).
Relating ζ CM to ζ
From classic vibrations theory (e.g. 2), for ζ 1, the amplification factor |Y CM /X| at the resonant frequency is given by
to first order. Similarly, |Y /X| ≈ 1/2ζ.
Using the approximation Y CM = βY as proposed in the main document,
For ζ CM,µ , we assume an expression of the same form but with β µ instead of β at first to acknowledge that the resonant frequency associated with the overall dissipation might be different from that associated with viscous damping away from the CL. As it turns out, for ζ 1, the resonant frequency is given approximately by ω res /ω n = 1 − ζ 2 and similarly, ω res,µ /ω n = 1 − ζ 2 µ , where we use ω res,µ to denote the resonant frequency associated with viscous damping away from the CL. Since ζ µ < ζ < 0.1, ω res,µ ≈ ω res , and it follows that β µ ≈ β.
In summary,
Final derivation of (13) Substituting (5) and (6) into (3), we have finally
which was presented in the main document as (13).
